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INTRODUCTION

The theory of modular equations dates back to 1771 and 1775 when J.
Landen records Landen’s transformation in his papers

e J. Landen, A disquisition concerning certain fluents, which are
assignable by the arcs of the conic sections; where in are
investigated some new and useful theorems for computing such
fluents, Philos. Trans. R. Soc., London, 61 (1771), 298-309.

e J. Landen, An investigation of a general theorem for finding the
length of any arc of any conic hyperbola, by means of two elliptic
arcs, with some other new and useful theorems deduced
therefrom, Philos. Trans. R. Soc., London 65 (1775), 283-289.

Mahadeva Naika (Bangalore University) Modular equations in spirit of Ramanujan



b ﬁ-

-

A. M. Legendre

But actually the theory commenced when A. M. Legendre [Traite..des
fonctions elliptiques, t. 1, Huzard-Coureier, Paris, 1825] derived a
modular equation of degree 3 in 1825.
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Carl Gustav Jakob Jacobi (1804 - 1851)

C. G. J. Jacobi established modular equations of degrees 3 and 5 in
his famous book Fundamenta Nova in 1829.
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Subsequently many mathematicians have contributed to the theory of
modular equations. Some of them are C. Guetzlaff, L. A. Sohncke, E.
Fiedler, R. Fricke, R. Russell.

L. Schiifli (1814 - 1895) H. E. Schréter (1829 - 1892)
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F.Klein (1849 - 1925)  A. Cayley (1821 - 1895)
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A. Hurwitz (1859 - 1919) H. Weber (1842 - 1913)

H. Weber derived several mixed Schlafli-type modular equations.

e H. Weber, Zur Theorie der elliptischen Functionen, Acta Math., 11
(1887), 333-390.

More information about modular equations can be found in the books
of A. Enneper, Weber, Klein and Fricke.
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Srinivasa Ramanujan (1887 - 1920)

But Ramanujan’s contributions in this area of modular equations are
immense. Perhaps Ramanujan found more modular equations than all
of his predecessors discovered together. Ramanujan has recorded
many modular equations in his notebooks, which are very useful in the
computation of class invariants and the values of theta-functions.
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Ramanujan begins his study of “modular equations” in Chapter 15 by

defining
] l 1
F(z):=( —1/2 = Z ) L™ = 1 Fy <2;x>, |z < 1.
He then states the trivial identity
26\ 2

After setting a = 2t/(1 4 t) and 3 = t2, Ramanujan offers the “modular

equation of degree 27,
B2 —a)? =a?,

which is readily verified. The factor (1 + ¢) in (*) is called the multiplier.
He then derives some modular equations of higher degree and offers
some general remarks.
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DEFINITION AND NOTATIONS

Ramanujan’s theta-function

fla,b) = Y " FD2p=D2 gp) < 1, (1)
n=—oo
as defined by Srinivasa Ramanujan in Chapter 16, of his Second
notebook.
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By using Jacobi’s triple product identity, product representation of

f(a,b)is

f(a,b) = (—a;ab)oo(—b; ab) o (ab; ab) o, )
where .
(a;¢)0c = H(l —ag"™h), ¢l < 1.
n=1
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Special cases of f(a,b)

©(q) :== f(g,9) Zq = q_q))oo) 3)

_ )2 _ (€56 oo
¥(q) = f(g,q Zq = ) 4)
f(=q):=f Zq A G (5)
X(9) = (=¢;¢*) o (6)
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BRIEF DEFINITION OF MODULAR EQUATION

Let

and

2F1(7»7 T 7171_:1;)
¢ = qr () := exp (—WCSC(T) 2F1( la:) >, (8)

where r =2,3,4,6 and 0 < z < 1.

Mahadeva Naika (Bangalore University) Modular equations in spirit of Ramanujan 14/126



If n is a fixed positive integer, then the modular equation of degree n in
the theory of signature r is a relation between a and g induced by the
equation

2F1(7-7 p alal ) 2F1(7~7 r alal_ﬁ)
n = (9)
2F1(7"7 T 71>a) 2F1(T7Tvl>16)
The multiplier m(r) is defined by
QFl(lvﬂ,lva)
m(r) := T . 10
") oF1 (2,115 8) 10)

where r = 2,3,4,6.
When the contest is clear, we omit the argument r in ¢,, Z, and m(r).
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Ramanujan class invariant G,, is defined by

Gn =247 (q) = (4a(1 — )M/,

Gn = 27 VAgm 12 (L) — (da(l — a)~2)" 1/, (11)
where
X(@) = (=4 ¢%)o0, q = exp(—my/n)
and .
(a:q)oe == [] @ —ag™) gl <1.
n=0
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RAMANUJAN-TYPE P—() ETA-FUNCTION IDENTITIES

In Chapter 25 of his Second Notebook, Ramanujan states twenty three
beautiful P — @ eta-function identities. These are identities involving
quotients of eta-functions, which are designated by P or Q by
Ramanujan. Elementary proofs of eighteen of these twenty three P -
Q identities have been proved by B. C. Berndt and L.-C. Zhang in

e B. C. Berndt and L.-C. Zhang, Ramanujan’s identities for

eta-functions, Math. Ann., 292 (1992), 561-573,

on employing various modular equations of Ramanujan. To establish
the remaining five P — @ eta-function identities Berndt has used the
theory of modular forms. The modular equations are very important to
derive P — (Q eta-function identities.
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In
e M. S. Mahadeva Naika, P — Q eta-function identities and
computation of Ramanujan-Weber class invariants, J. Indian
Math. Soc., 70(1-4), (2003), 121-134,
has established several P — () eta-function identities. Proof consists in
elementary algebraic manipulation of modular equation in the theory of
signature 2 and 4.
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THEOREM (M. S. MAHADEVA NAIKA, J. INDIAN MATH. SOC.,

2003)

If
 f(=9) _ f(=9M)
P=wmpg ™ = ampgy 19
then
(PQs)* + —(62?’)6—(13)6 (13)
VT(PQRs)?  \ P Qs) ' )
Proof. Let
b(q)ifz(—q) and _ 2 P (¢ (14)

S o f(=q)

Using Theorems 9.9 and 9.10 of Ch.33, p.148 (Ramanujan’s Notebook
Part-V) in the modular equation of degree 3 in signature 4, we find that

b ()b () + (@)t (¢®) + 407 (9)b*(¢*) P (a)* (¢°) = Z3 735,
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which is equivalent to

S (=a)f5(—¢*) 64qf6(q2)f6(;16) +39

PP (g

1/2 1/2

B D sl G 64q1/2f12(q2)] { e 64q3/2f6(q6)}
L2 12 (—¢?) 2 (=q) @32 f12(—¢°) fo(=a?)
Using (12) with n = 3 in the above identity, we find that

64 64 \ /2 64 \ /2
PQ3)S + —— 4 32— (P12 4 22 12 04370
(PQ3) +( Q3)6+3 < +P12> < 3+ D

Squaring both sides of the above identity and after some simplification, we
obtain the required result.
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If P and Q,, are defined as in (12), then

(PQs)* + (s = @) - (;) 19

s 512 s 64
(PR + (PQ7)? 2 <(PQ7) - (PQ7)6>

] (G 12 P2
G AN C I CO
1024 256

8
(PQ11)10 22 ((PQH) * (PQM)S)
64
11

1909 ((PQu)ﬁ + W) + 1144 ((PQ11)4 + (Pcl;i1)4> (17)

.4 - Qll)lz <P)12
+ 4048 ((PQU) +(PQ11)2)+9744 < P * Q11 '

(PQll)w 4
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THEOREM (M. S. MAHADEVA NAIKA, J. INDIAN MATH. SOC.,

2003)
If
T G VP | ol 40 I (18)
g8 f(—q*) " g8 f(—gtn)’
then g ) )
4 3 P
rast = (%) (@) =
Proof.Let
f8/5(_ ) 2 1/4f8/5(_ 4)
POy 0=y @

Using Entry 12(ii), (iv), of Ch.17, pp.123-124 (Ramanujan’s Notebooks Part-ll|
by Berndt) in the modular equation of degree 3, we find that

B(q)B(¢%) + C(q)C(¢*) = 23/° Z3°,
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which is equivalent to

42 f(=af(=a") | faf(=d)
f(=a) f(=¢%) a2 f(=q*)f(—q"?)
filea) 16(11/2f4(_Q4)T/4 { Fed) 16q3/2f4(—q12)]
q'2 f4(—q*) (=) ¢*/2f4(—q'?) fH=a%)
Using (18) with n = 3 in the above identity, we deduce that
4 16\ /4 16\ /4
g T (Pem) ()

After some simplification of the above identity, we obtain the required result.
If P and Q,, and defined as in (18), then

1/4

(e ges ) +7 (00" + o)

4 4
+28<PQ7+1;;7>+70: (%) +<;> .

Mahadeva Naika (Bangalore University) Modular equations in spirit of Ramanujan 25/126



In the following theorem, we establish five P-Q eta-function identities with 4
moduli. In what follows Im(z) > 0, and Q := Q(z) = P(2z) always.

We have
Q* — P>Q — 4P =0, where P := P(z) = m, (22)
Q? — (P% + V4P)Q — 16P = 0, where P := P(2) = m, (23)
Q* — P?Q — 2P = 0, where P := P(z) = M, (24)
Q* — (8P + P?)Q — 4P = 0, where P := P(z) = 1;72((22))7722((121222)) (25)
Q?* — (P? +2P)Q — 2P = 0, where P := P(z) = m. (26)
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In
e S. Bhargava, C. Adiga and M. S. Mahadeva Naika, A new class of

modular equations akin to Ramanujan’s P-Q eta-function identities
and some evaluations there from, Adv. Stud. Contemp. Math., 5
(2002), No. 1, 37-48,

the authors have obtained new P-Q identities similar to those of

Ramanujan which are as follows: In what follows I'm z > 0 and

Q = Q(z) := P(2z) always.

(i)

P2Q* +3PQ = Q° + P° - 2(P*’Q + PQ?),

s 27
where P := P(z) := m, n(z) = q1/24f(—Q)7 &
(i)
1 [P, (@] Q
PO+ pg = [Q] +[P] +4[Q P] (28)
n(z)n(21z)

where P := P(z) := 1B32)(72)’
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(i)
P2Q* +7PQ = Q° + P* — 2(P?Q + PQ?),

n(z)n(32) (29)
where P := P(z) := W
(iv)
P?Q*+ PQ = Q% + P* + 2(P?Q + PQ?),
— p(y . N132)n(32) (30)
where P := P(z) := (39 )n()
(V)
P?Q* - PQ = Q* + P* +2(P*Q + PQ?),
_ _ n(7z)n(5z2) (31)
where P := P(z) := W,
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(vi)
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Modular equations of degree 2
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In

e M. S. Mahadeva Naika and S. Chandankumar, Some new
modular equations and their applications, Tamsui Oxf. J. Math.
Sci., (accepted).

e M. S. Mahadeva Naika, S. Chandankumar and M. Manjunatha,
On some new modular equations and their applications to
continued fractions, Int. Math. Forum, 6 (58), 2011, 2881-2905.

e M. S. Mahadeva Naika, K. Sushan Bairy and Chandankumar S,
Some new modular equations of degree 2 akin to Ramanujan,
(communicated).

we have established several modular equations of degree 2 and as an
application we have obtained some new modular relations and explicit
evaluations of Ramanujan-Gélinitz-Gordon Continued Fraction,
Ramanujan-Selberg continued fraction and continued fraction of
Eisenstein.
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THEOREM

gpo @ eld) Q=

o then
4Q2+—2—4<2Q+ >+4<P+%>+<P2+%)
¢ (39

+16 =4 (PQ+P—Q)+2(Q+4§>

Proof of (33): If 5 is of degree 4 over « [Ch. 18, Vol. 2, Entry 24(v), pp. 228],

then .
[1-V1-a
=\ %4

From Entry 10 (i), (iv) of Ramanujan’s second notebook, pp. 210, for

0 <z <1, we have
p(e™) = Vz. (35)

oy 1 — 1/2
oe ™) = vz (50+vI=a)) (36)

Q| w
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2Fl (ga 27 17 1- )
2F1 ( ) 27 17 LL')
Using the equations (35) and (36) in the equation (84), we deduce that

where z = oF; (1,3;1;2) and y =

—8Q3P —2P3Q — P? — 4Q* + 4QP + 8Q*P* + 2P3cQ
—8Q%cP +8Q*P?c+4Q*P* — 4Q°P* + P'Q* = 0.
where c = v1 — a.

Isolating the terms having ¢ on one side of the equation (37) and squaring
both sides, we find that

(37)

(P*Q? + P? — 2P3Q — 12QP? — 4QP + 4Q*P3 4 16Q*P?
+8Q*P +4Q* — 4Q°P3 — 8Q*P? — 8Q*P + 4Q* P*)(P*Q?
+ P? —2P3Q + 12QP? — 4QP — 4Q*P? + 16Q%*P? — 8Q*P
+4Q% —4Q3P? 4+ 8Q%P? — 8Q3P + 4Q*P?) = 0.

(38)

By examining the behaviour of the second factor near ¢ = 0, it can be seen
that there is a neighbourhood about the origin, where the second factor is not
zero, whereas the first factor is zero in this neighbourhood. By the Identity
Theorem first factor vanishes identically. Hence, we obtain the equation (33).
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THEOREM

Q |
~
()

1P = 29 angg = 0 } then
v(q?) v(q®)

288P%Q% — 384P?Q* — 32P% + 24P* + 584Q* P* — 432Q*P* — 216P°Q*
+152P°Q* + 6PQ* — 4P%Q* + Q®P® — 4Q°P® + 72Q° P° + 80P%Q + 16
—96PQ — 48Q°P® — 8P° + P® —192P*Q% + 128 P?Q° + 64Q°P + 16Q" P° (39)
—24Q°P° — 48Q°P° 4+ 56QP° — 12Q" P™ 4+ 20Q° P" + 28Q*P" — 36QP" = 0.

Mahadeva Naika (Bangalore University) Modular equations in spirit of Ramanujan

34/126



THEOREM

5/2
64 + 128560P* Q" — 31840P*Q” — 3980P'°Q® + 9200P'°Q° — 63280P°Q° — 192P°
+32140P%Q® + 161536 P°Q° — 126560P°Q* + 36800P°Q? — 160P° + 40Q* P!
+ 240P* 4 12800P%Q? + 60920P°Q* — 11720P'°Q* — 23440P%Q? + 5712P°Q?
+ 15P12Q4 . 6P12Q2 + P12Q12 + 15P12Q8 . 20P12Q6 . 6P12Q10 + P2 4 goP®
—12P" — 6400P%Q™ — 89600P°Q® + 102400P*Q® + 2560Q" P* — 7680Q° P*
+ 5760Q° P? — 640QP® — 51200P?Q* + 17920P° Q" — 20480P*Q'° + 800P'°Q"°
— 40960Q° P? + 8192Q'° P? + 71680Q° P* + 1024Q° P — 2560Q° P + 1280QP
— 11520Q" P° + 1280Q° P® + 22400Q° P® — 6400Q° P® — 5504QP° + 11200Q" P”
—1920Q° P" — 18880Q° P™ + 128Q™ P” + 2880Q°P™ + 6592QP" — 1600Q" P°
+ 720Q° P? 4 1440Q° P — 160Q"" P? 4+ 1120Q° P — 1520Q P’ — 688Q" P
—40Q° P'" 4+ 1648Q° P' — 760Q° P — 200QP'" — 179200P*Q° = 0.

, then

(40)

Mahadeva Naika (Bangalore University) Modular equations in spirit of Ramanujan 35/126



THEOREM

p— 2@ L) oy o 2 el

Q3—@+20<Q2+$)+5<Q—%)+16<P2+%)

1 2
+120 = 40 <Q+§> <P+F>.
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THEOREM

IfP=—= #(a)

o(g?)

0(q°)
©(q'?)’

and Q =

then

Q3(P® 4+ 1) + 4(—4Q° +3Q")P" + 4(—Q?

—48Q* + 32Q* + 18Q°%)P® + 16

+2(292Q* + 3Q° —

+ 4(—108Q* —

108Q5 — 192Q%)P* + 4(12Q% — 16Q —
Q% +38Q° 4+ 72Q°%)P% + 4(—14Q° + 9Q7 + 24Q —
+ 4(=5Q" 4 6Q°) P®

—32Q% 4+ 24Q* — 8Q° = 0.

7Q7 +12Q°) P
20Q%)P

(42)

v
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THEOREM

_ w(@) ¢d") _ ( )
IfP_SO(qz) ) and Q= ) ol , then
iyl 3 1
Q +Q4+56(Q I )+25 < >+1064<Q+Q)

() emenl(r b(ed)
s(ar) o] (e ) b(erd) )
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THEOREM

p— Pa) #ld®) _ #la) ¢(d™)
P = ) () = o ol "
1 11 13 113
16Q* + oit8 (8@3 — 3) + 64 (4@2 + Q2> +16 <74Q + Q)

w(Pega) -1 (P ) (204 g) +o] 42 (P ) (44)

19 , 1 2
x [4(14Q+Q>+3(4Q +QQ)+160] +19364<P+P>

21 21 1
x [12 <IOQ + Q) +2 (20@2 + Q2> I (8@3 + Qg> + 168] =0.
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po P @) o el e@®)
o) p(a®) Y o) o)
6 1 .1 , 1 s 1
Q"+ g5 — 136 (Q +Q5> + 2458 <Q +Q4) — 12264 (Q +Qg)
, 1 1 . 16 s 8
+ 40911 (Q + QZ> — 73104 (Q 15 Q) + 256 <P i P4) + 3840 (P + Pg>

+ 17280 (P2 + ;) + 51072 (P+ ]23) + 95532 = 256 (P4 + }i) (Q - é)
+ 1152 <P3+ ;) [2 (Q2+ 52) - (Q+ é)} + 576 <P2+ ];12)

X [25 <Q+22> — 1l <Q2+$2> +3<Q3+$3>] +192 <P+]23>

x [221 <Q+é> 110 (Q2+Q12) 35 <Q3+$3) 5<Q4+$4)] |

(45)

v
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THEOREM

) (")
TP =@ 9= o)

QV(P +1)+8P"Q7(20Q% — 16 — 5Q*) + P'°Q?(8192 — 20480Q°
—6Q" — 6400Q° + 17920Q* + 800Q%) + 40P°Q° (48Q* — 18Q" — 32

+ Q%) + 5P%Q*(20480Q% — 8192 + 3Q"° — 17920Q" + 6428Q° — 796Q®)

+ 16P7Q*(100Q° — 160 — 700Q* + 720Q* + 43Q%) + 4P°Q*(—44800Q>

+ 17920 — 5Q™° — 15820Q° + 2300Q° + 40384Q*) + 16 P°Q(480Q* — 64
—1400Q" + 1180Q° — 103Q"° — 90Q®) + 5P*Q*(25712Q* — 25312Q"

— 2344Q° — 10240 + 3Q"° + 12184Q°) + 40P*Q(19Q™° — 144Q* — 72Q°
+160Q* — 28Q° + 64) 4+ 2P*Q*(2856Q° — 15920Q% + 18400Q* — 11720Q°
+ 6400 — 3Q"7) + 8PQ(—824Q° + 25Q"° + 80Q — 160 + 190Q" + 683Q")
+ 64 + 240Q* — 192Q% — 12Q"° — 160Q° + 60Q® = 0.

, then

(46)
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THEOREM

_o(q) elg') () (g
= e O YT ) e

, then

Q5 — é — 286 (Q5 + 55) + 11660 (Q4 - c,214) — 29766 (Q3 + ng>
32

2 1 1 5
+ 120021 <Q — Q?) — 179388 <Q + Q) + 1024 <P + P5)

16 1 8 1
— 5632 (P4 + P4> (Q + Q) + 704 <P3 + P3> [45 +16 <Q2 + Q?)
1 2 1 1

—8 (Q - Q)} +44 (P—I— P) [3386 +79 <Q4 + Q4) — 652 (Q3 — Q3>
1 1 4 1

+1404 <Q2 + QQ> — 1548 (Q - Q)] — 176 (P2 + P2> {56 <Q3 + Q3>

—129 <Q2 - Q12) + 370 (Q + é)} = 0.
(47)

v
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Modular equations of degree 3

Mahadeva Naika (Bangalore University) Modular equations in spirit of Ramanujan 43 /126



In

e M. S. Mahadeva Naika, S. Chandan Kumar and K. Sushan Bairy,
New identities for Ramanujan’s cubic continued fraction, Funct.
Approx. Comment. Math., 46(1), (2012), 29—44.

e M. S. Mahadeva Naika, S. Chandankumar and K. Sushan Bairy,
Some new identities for a continued fraction of order 12, South
East Asian J. Math. Math. Sci., (accepted).

e M. S. Mahadeva Naika, S. Chandankumar and K. Sushan Bairy,
New identities for ratios of Ramanujan’s theta function,
(communicated).

We established several new modular equations for the ratios of
Ramanujan’s theta functions. We also established general formula for
the explicit evaluations of ratios of theta functions ¢ and .
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_ $@e(d®) _ p@e(d®)
"= e @ T el "
P+%+Q—%:4. (48)
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THEOREM

4 12
IfP .= % and Q = %, then
Q2+é—16 [Q+ %] +P2+]3;—22+2 [Q = %] [P+ %] +20 = 0. (49)
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THEOREM

i#p . P _ Plae@®)
= @@ M ey "
1 1 1 33
9Q3—@—36 [Q2+@] +9 [7@ @] —48+P3+ﬁ

R | MR [

-8 [3Q+%} +51} —0.
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THEOREM

1 1 1 1
Q* + o + 80 {Q?’ — Q3] + 320 [Q%Qz] — 80 [Q— Q] + 884
4 34 3 33 1 2 32
P[P ] {1+ [eglp 2|
1 s 1 3

) [
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THEOREM

_ () R
e = o(q%) and Q= o(q%7)

5 3 4
g5+9(gg—g4> +9(5§+95> +9<Q4+£4> +3(Q* +3P?)
9 Q* 9pP? 3
<PQ+ P3Q3> =135+3 (PQ+Q2> + <P4Q4+ P4Q4>
2
+9 (P2Q2+ Pi’Qg).

, then
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THEOREM

_ @e(d") _ @e(d™)
e = e(a®)¢(q*°) = o(¢®)p(g*0)’ then
Q° + % + 160 {Qs + é} + 2468 [Q“ + é} 4160 {Q3 + é] + 14864
6
swalets g swmfa 3 o ] Ol 3]
wouf[@ ] - [0~ +om[o - 5] - - ])
+ {PQ + ﬁ} (15 {Q“ + i} — 576 [Q3 + i} — 1960 {QQ + i] (53)
P2 Q4 QB QQ

1600 L i s_ 1 2 1
- Q+ G| —115) + | PP+ 55| (20]Q° - 55| +384|Q° - &5
+350 {Q - lD + [P4 i ﬁ] (15 [Q2 + i} + 160 {Q + l] + 324)

Q Pt Q? Q
s, 3° 1

il £ (o)
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THEOREM

_ vl _ 9@
IfP := o(¢) and Q@ := 7( 572y’

then

5 P4 4 3
@+Q——160 Q5+Q]+2468{Q4+Q } —160[@+Q—]
P2 2 P 36
+1745 [Q2 + %} — 8320 {Q g} {PGQ + poge | T 14804
P Q P2 Q2 P3 QS
[PQ+ %] 580 {@ - ﬁ} + 640 [@ - ﬁ} — 470 {@ - ﬁ}
rtoQ P> Q° 2 2 3 ] P Q
00| G =[5 = )] + [P0+ o] [0 [+ 7
Q* Q° P 4 o4
—1415 — 1960 [@jt—} +576 {@Jr—} +15 [Q4 +Q*P ”
2 33 P Q P2 Q' Pd Q3
#|Pe s migs | [ |G-+ [ - 72 =[G - 5

4 2 2
ol g [0 g 5] 5[

—G{PE’Q + & F—Q}: .

P55
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THEOREM

o(a)p(a?) 2(9)e(q%%)
IfP:= ————— andQ := ——————, then
ICIICES) @ #(a3)p(q1?)
810% + — _ 288 | o5 [SQ 4 —] + 96 [QQ +—] + 52560
@e Q° @~ Q3

+9[1993Q27E]71152[6Q79]+P6+£ +i
Q2 Q P6

X{48+2[5Q+%]}+[P4+;—z} {852+96[2Q+%}+[31Q2+§]}
i

—4 [3@3 4 %] = 2320} (55)

& 102[13Q—5]+96[Q2+ 5}
= 2 @
2

P34+ {
P? 4 3—] {4761 — 192 {32@ & 3] +8 [63@2 = @] — 192 [3@3 4 E]
P‘Z Q QZ Qd
{27@; 5]}+[P+i]{36[231(9—ﬂ]—96[7Q —E]
Q* Q Q?
+30 [21@3 + —] — 16 [27@ + E] +6 {9@5 - i] - 21696} — 0.
Q3 Q4 Q>

|
‘|
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THEOREM

)G Y@y
TP = oy 29 = @ e
oo g) ol ) (e

— 595 <Q5 = é) —510 <Q4 + &) + 16303 (Q3 - &)

8
— 5202 (Q2 = é) — 26911 (Q = %) + <P8 + %) + 20230 =

2
17 { (P2 + %) [7 <Q6 v %) 428 <Q5 _ é) 434 (Q4 + é) (56)
—168 (Q3 - é) + 160 (Q2 + é) + 378 (Q = %) = 210]
4
(o)) o (o -) ()

(o)) B () +o-3) 1)
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Theorem If P = w and Q = 1/’(Q)¢(q57)

EE L SV S S a—
FOE) @) (@)

9
e (PR ufal ) s )

(=g enae- )+ B (- )
(Bl )]+ ) B )
g B ) (@)

b (P2 ! 13;2) {13 (Q6 - é) - (Q4 - é) +104 (Q2 - é)} o

_ 3 3 6 L . 4 i _
P+ 3 121Q° + 0° 65 Q" + o 591
)]s D) (e )

+7 <Q4+ é) — 504 <Q2 + é) +697} } -0
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Modular equations of degree 4

Mahadeva Naika (Bangalore University) Modular equations in spirit of Ramanujan 55/126



In

e M. S. Mahadeva Naika, K. Sushan Bairy and M. Manjunatha,
Some new modular equations of degree four and their explicit
evaluations, Eur. J. Pure Appl. Math., 3 (6), 924-947 (2010).

the authors have established several new modular equations of degree
4 and established general formula for explicit evaluation of hy j,.

_ o(g)e(d®) _ o(@)e(d®)
= e ™Y = el

, then

X2 2X3Y 4+ XW24XY +4Y2—4XY3+4X2Y?2-2X3YV34+2X2YV? = 0.
(58)
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THEOREM

fx = LD gy PR

o(g*)o(q'?) o(gt)p(g®)’

() (e ) (74 )
=4 (X+ ;) + 30. =

¢

THEOREM

ix = P@eld) oy e@e@®) o
v(q*)p(q') p(g)p(q*)’
X*Y? +6X°Y + X? +16Y° + 24XY — 4V XY (X°Y + X> +2X +8Y) =0.

(60)

v
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THEOREM

_ p(g)e(q®) _ o(9)elq
X = o@e@ ™ = ol

1 I 1 1 1
Y34 — —70|Y2+ —| —1785 — | +160 VY3
+ 3 _ +Y2] + ]+ [ + _YS]

Y
x [\/Y+i]+80[\/17+ ! H\/FJr\/%Jrlo(\/YJr\/%ﬂ (61)

>~<
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THEOREM

o @(q)w(qz

Y4+%*280 <Y3+Y13> —28 <Y2+Y12> [349+78 <X+j‘()]
— 56 (Y+11/) {1079+310< j})+24 (XMH
+112 (\F+ \ﬁ) {515 <\/Y+ &) +90( J;T)

s B ) ()

|
) (5 ) (45 )

16 4
=16 {4 <X3 4 ) + 203 <X2 SIS X2> + 2023 (X AL Xﬂ + 106330.
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THEOREM

_ e(g)e(e®) _ p(g)elg
X = o(q*) (%) and’y’ = o(g)p(q®)’

then

1 1 1
6 5 4 3
Y° + YG 908 [Y + Vs ] 83582 [Y + v ] 1369692 [Y + 3]

1 6 1
3 [Y aF YQ] {2657883 + 96832 [X IF XQ]} 24 [Y + Y]

4
X {892353 + 289628 [X e } } + 17323008 {\F + } [\F +

X

+ 1831776 [F+ W} {F+ \/)T] + 21504 {

32 256
VX5 _ —
X [ X° + \/75] 29469924 = 128 {2 { + 4}

64 6 4
gy U 2 20
+420 [X + _3} + 9987 [X + _2} -+ 75426 [X + Y}}

VY x/)?}

e

(63)
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Modular equations of degree 5
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In

e M. S. Mahadeva Naika, B. N. Dharmendra and S. Chandankumar,
New modular relations for Ramanujan’s parameter p(q), Int. J.
Pure Appl. Math., 74 (4) (2012), 413—435.

e M. S. Mahadeva Naika, B. N. Dharmendra and S. Chandankumar,
On some new modular relations for Ramanujan’s x(q) function
and v(q) function, (communicated).

We established several new P — Q modular equations for the ratios of
Ramanujan’s theta function. Using these equations, we established
some general formulas for explicit evaluations for ratios of Ramanujan’s
theta functions. We also established several new modular relations
connecting x(q) with x(¢"), v(q) with v(¢"), p(q) with u(¢™) and new
modular relations connecting «(q), v(q) and p(q), where u, x and v are
parameters involving Rogers-Ramanujan continued fraction.
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THEOREM

Y(q) ©(q)
If P.=—"  and Q:= . th
p T and Q ) then

2 2
(g) +<%> +4:P2+%. (64)
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THEOREM

if P 3¢(—Q)¢(—q2) and Q= #i(—qw(—qlo) then
a2 (—¢°)Y(—q'?) q 29(—¢°)Y(—¢?)
Q4+$+<Q2+é>zp2+§ 65
65
5 1 1
+ <P+F) [5 <Q+§> — <Q3+@>] + 30.
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THEOREM

¥(9) and Q@ := _w(q4 then

If P:= o= s
a29(¢°) ¢*(a*)
4 4 2 2
%+%+24(%+%) +38 P2Q2+P§—5Q2> —20(@%%) +120
25

+3(P4+%>—32<P2+%>:P4(Q2+%>+%(3Q2+@>.
(66)

v
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THEOREM

Y(—=q) _(=gY)
a7 9(—¢°) 29 9=y gy

Q8+$—19 <Q6+$6> — 419 (Q4+$4> — 1327 <Q2+$2> — 2332

(o) (o) ) () -wm(ang
1 1 53

28 <Q4+Q4) + 109 <Q2+Q2> +132} - <P3+P3)

|
Prlers) (g e Bl ) -

If P:= then
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THEOREM

If P:=L_Q) and Q:zM then

g %(—q°) ¢*12P(—¢>)
Q5@ 15Q 5 . 5
B (Pt pg) =5 (@ )
- (68)
—P2Q2+P2—QQ—15:0.
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THEOREM

_ b(—qv(=q)  p(—v(—®
TP= mcew— 2 = Fyew

then

)
q)’

1 1 53
@ -gruf(@rg)+ (@ -g)ro(erg)] P

() (00 3) (3 ) )
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THEOREM

p(=y(—q") _ (=v(—¢")
TP = o) 9= oyl gyp(—gm) "

@+ ge-3(@+ ) 000+ o) -1 (@ + )
() -wafo-d) - (- )

()@ d) (B o))
#(Prga) [mese (04 g) v (@4 ) 8 (@ )]
|

+

(g oo bl ) on( )
(e g () el ) -
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THEOREM

2
IfP = ;0((;5)) and Q = ;”((;10)), then

(g>2+<%>2+(PQ)2+<%>2+16<2_%> (71)
2
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THEOREM

_ o(q) _ p(=¢"
IfP .= () and Q := eI then

Q4 Q2 52
Q4+ +24<Q2+ >+8<P2Q2 P2Q2)+3<Q4 Q4)+120
2 4
() (e ) (e ) (5 )

(72)

v
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THEOREM

fp . 2D o #(@)ed®)

22 L th
©(°)p(g%0) o )elg) o
Q* + % —112 <Q3 + %) + 1440 (Q2 + é) — 3184 (Q + %) + 7316

=8(P+l> {22(Q2+i> - 31 <Q+1> +17o] —2<P2+£)
P Q2 Q P2

X {3<Q2+é>+24<62+$>+64} +4<P3+%Z> [(Q+é)+4j7.3)

v
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THEOREM

v(q) v(d°)
If P := and Q) .= ——=, then
©(q°) 9 ©(g%)
Q> 5Q* 15Q 5
P p T\ g
22 52
= P'Q* + g + 15

)s(e)

(74)
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THEOREM

o gl d) (o) rmlan )] ok
{(e ) (o d) (e (e &) o)

(75)

v
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THEOREM

O _ d(@)e(d™)
e = (%) #(q°®) andQ = ?(¢°)p(q't)’

Q° +@+33(Q +@) (Q +@>+1529(Q +@)

(e g) (o) s )

(e £ o) ) o)

(7 5) [18-s0 (0 g) +a (@4 ) -2 (@ )]
|

then

(76)

(o B (o ) (@ ) - (4 )
o+ )] (7+ ) (e )}
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Modular equations of degree 9
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In

e M. S. Mahadeva Naika, K. Sushan Bairy and S. Chandan Kumar,
On some explicit evaluation of the ratios of Ramanujan’s
theta-function, (communicated).

e M. S. Mahadeva Naika, S. Chandan Kumar and K. Sushan Bairy,
Modular equations for the ratios of Ramanujan’s theta function
and evaluations, New Zealand J. Math., 40, (2010), 33—48.

e M. S. Mahadeva Naika, S. Chandan Kumar and M. Manjunatha,
On Some new modular equations of degree 9 and its applications,
Adv. Stud. Contemp. Math., (to appear).

we establish several new modular equations of degree 9 using
Ramanujan’s modular equations. We also establish several general
formulas for explicit evaluations of hg ,, hg,n, ly,, and zg,n.

As an application, we establish some explicit evaluations for
Ramanujan’s cubic continued fraction.
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THEOREM

_ ¢(9) e(—q)
lfP_SO(q>an Q= =) then

g+g+ Q+—+4—2<\/_+— (\/» \/>> (77)

Proof. From Entry 56, of Ch. 25, p. 210 (Ramanujan’s Notebook Part IV, by
Berndt), we have

M? 4+ N3 = M?N? + 3MN, (78)
where M = _fa) and N = I .
Replacing q g;/ij;(aqz\c)quation (78)(],2\//\/3efé;gi18c:)e that
Y3 — X3 = X%Y? - 3XY, (79)
where )
:ql/";;q()qg) and Y:q2/;(f(fq)18). (80)
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From the Theorem 2.2 of [M. S. Mahadeva Naika, Some theorems on
Ramanujan’s cubic continued fraction and related identities. Tamsui Oxf. J.

Math. Sci. 24(3) (2008), 243—-256], we have

FPlea) (=) o(=a) —30(=¢°) (81)
qf3(—q°) ©2(—¢°) (=q) —o(—¢°) "
Pl (=0 (e(=a) =30(-")\’

G ) IR Ce)) < o(—q) — p(—4°) ) ' (62)

Using the equation (81) by changing ¢ to —q along with the equation (82) in
the above equation (79), we deduce that

X3 = p? (‘;’D_Ii) and Y3 =Q (?2_3)’)2 (83)
Equation (79) can be rewritten as
a>—3a—A=0, (84)
where a = XY and A = Y3 — X3,
Solving the equation (84) for a and cubing both sides, we find that
(85)

8X3Y? = (3+m)*, where m = +v9 + 4A.
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Mahadeva Naika (Bangalore University) Modular equations in spirit of Ramanujan



Eliminating m from the above equation (85), we deduce that

(—Q + P)(P%Q? — 2PQ* + Q% — 6Q + 9 + 4PQ — 6P — 2P2Q + P?)
(PQ?* — Q* +3Q —4PQ + 3P + P*Q — P*)(P*Q* — 3P*Q* + 3P'Q
— P*—4PQ° + 12PQ” — 8P°Q 4+ 6P°Q" — Q' — 24P?Q” + 18P*Q
— 8PQ* + 36PQ? — 36PQ + 9Q* — 27Q* + 27Q) = 0.
(86)
By examining the behavior of the above factors near ¢ = 0, we can find
a neighborhood about the origin, where the second factor is zero;

whereas other factors are not zero in this neighborhood. By the Identity
Theorem second factor vanishes identically. This completes the proof.
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THEOREM

ifp=29 ango- Y9

- , th

(&) W) "
P Q 3 _ 3
gtprptP=gtae+s (87)

v

THEOREM

_ Y(=9) ()
IfP = 20(=¢%) and @ = ) then

Q+PQ=3+P. (88)

.
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THEOREM

) ()
IfP = 20(¢%) and @ =

+P. (91)

THEOREM

_ wlee(d®) _ pla)e(d™®)
e = 0(¢°)e(q'®) S 0(¢)e(q?)

1 92 9 1 1
Q2—|—Qz+<P2+PQ)+2<P+) [4+3<Q+Q>} :8<Q+Q>

(e gm) (0 ) 3 () ]

, then

NU

+4
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THEOREM

= YD apgg = w(_‘f) then

q¥(—4¢°) P¥(—¢'8)’
Q? Q 9 3 P
Q2+—+Q+F PQ+PQ+<P—|—P)(3—Q>

(93)

(o) (- |

THEOREM

fp_ 2@ and Q sO(q;),

¢(q?)
por)eeg)-@)
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THEOREM

o(q)e(q°) ©(q)e(q*)
"= ©(¢°)0(q*) andQ = o(a®)e(q®)’

@i (ge) - (ag) (7))
o el ) (@) (7 )

[ )]

then

(95)
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THEOREM

¢(q) <p( " ~ o(9)e(¢®®)
=@ e C T oot
, 1 1
Q4+—35< > 413(@ +Q2> 1379<Q+Q>—1694

(o) () (e a)] 2 (o)

eon3) 5 (o )] (e F2) (@ )

+63[\/13+\/3]3] 7( Q3 \/@>+14<\/§+\@>+< Q° \/1@75>
+21< P3 \/313?3> [2( Q3 \/153>+7<\/§+\/1@> =0.
(96)
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THEOREM

= f(=¢°)  f(=) f(=¢®)
TP = B ® 9= B ()

then

54 L _ (2 92) ( 3) 5.1

O+ g5 =10+ (P + 5 +5\/13+\/T3 \/Q7+\/@ o7
9

rs(pel).

f(—=a)f(=q"
If P =
@3 f(—q

(=4")
N)f(=q%)
Q* Q?

vr(vEs ) (@ﬁ)( 3+ )

q
Q4+114<Q3+1>+28(Q2+1>+7<Q+1>—P3+93
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THEOREM

 f(=@)f(—q") [ f(—¢")
TP = ) ™ 29 = R (g

then

Q° + - =165 (P+9> + 66 <P2+92> +11<P3+93> +1848
Qs P P2 P3

5 2
+<P5+?)5)+22 <Q3+$3) [2(P2+22>+3(P+2>+26}

+11 (@Jr\/l@) [15<@+;ﬁ)+14<\/173+\;’];>
() ) () ().
(99)

v

Mahadeva Naika (Bangalore University) Modular equations in spirit of Ramanujan 88/126



THEOREM

T R 90 = A )
QW& — 65 <Q6+ 56) +910 (Q5+Q15> — 1417 <Q4+ 54)
— 6994 <Q3 + 53) + 10049 <Q2 + 52) + 6981 (Q + 22) = 17472
P6+§—13(\/179+ \;};) [(\/@Jr\/lé) - (@Jr \/1Q>3>]

—13(\/173+ 33) 139<\/§+\/1©>—179<\/@+ ! )

If P = then

VP V&
—2<@+ \/%5>+52<\/@+\/1C7>+10<\/@+ \/159>
+13(P3+]233> {5<Q3+C;3>—12(Q2+$2>—6<Q+22>+26}.

(100)
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Applications of Modular equations
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P — @ identities are extremely useful for explicit evaluations of Rogers
- Ramanujan, Ramanujan - Selberg, Ramanujan’s cubic continued
fractions and Ramanujan - Weber class invariants.
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FORMULAS CONNECTING ¢g,, AND gy,

In the following theorem, we restate Theorems 1 and 3 which gives us
formulas connecting g,, and gi,,, for k = 9,25,49,121.

(i)

3 3 1 ggn 92
2\/5 gn99n+ 3 3 =786 6 (101)
nJIn In Yon,
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1 95 9,
nazon g'rQLg%Em g% g%?m
(i)
1
16v/2 [Qggggn + 99] + 168 [gggggn + 66]
gng49n gng49n
12
+336V/2 [g;’;gi’;gn + } +658 = 949” + I (109)
n 49n n 940n
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(iv)

1 1
32 [9109%31 + ] + 352 [989%1 + }
" " 971109%3171 " " gﬁg?m

1 1
+1672 [929?2111 + 966} + 4576 [Qﬁglen + 944]

nJd121n nJd121n
1 g2 gl2
+ 8096 [g,%g%m + 22] +9744 = 2210 4 m (104)
In9121n n 9121n
(V)
1 g2 g2 g2g2
2 |:gng4n99n936n + :| = 9; ?2>6n + 2n én ) (105)
InGangong3en 9294 99n936n
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(vi)

1
8 [9392 9219)9 9%96 + ]
o " g%gingi)ng%{)ﬁn

1
+28 [9293 929 9%96 + ]
ORI " g%gingzgng%QGn

. S _ Ji9nYio6n Inin
+70=—"r7r"+—F"—"71—.

InGang49ng196n In94n Ji9n.9196n

]

G4ng36n = \/ giga. + gngonr/ 984S, + 2, (107)

+ 56 |:gng4ng49n9196n +

(Vi)
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(viii)

gingioon = 27 | 02035, { 920%5n (49hgksn + 411°)

1/4
+ \/g%gésn (4493, +41/3)" + 16}] , (108)

G2 0n + 1/ 9ng19n (2639, +2°7?) (109)
9ang196n = \/i )
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()

94ng484n =

2
\/gngl21n {gngl21n (4+92971,) + \/Q%Q%QM (4 + 929%21,)" + 2}

(110)
and
(xi)
_ 1
94ng2116n = ﬂ

2
X [gn9529n (gn9529n + \@) + \/ 9%9%2971 <9n9529n + \f2> + 2\/§gn9529n] .
(111)
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In the following theorem, we restate Theorems 1 and 2 which gives us
formulas connecting G,, with Gy, for k = 9,25, 49, 121.

(i)
1 GS G6
2V2 |GS G, — =—n 4= 112
e k- e L
(ii)
1 G3 G3
2 _ — 725n n 11
[G Gan G%G%J a T, (113)
(iii)
1
16 G2GY — 168 |GSGS S
f|: on G9G49n:| |: " 49n+ GgGggn]
G G12
3 49n, n
13362 [G G, + & Gigj — 658 = o + G (114)
(iv)

32 [GlOGmn

1
—— | — 352 [G GSon ]
G}PG%SJ e,
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1 1
+1672 [GGGmn } 4576 [G4G121n b
GGl GGy,
1 G12 G2
+ 8096 [GQGmn ] _grag = Gz . G0 g5
GG, Ge G
(V)
2 | GnganGongsen + _ 9n36n+ 4n’ 116
{ 9anGongse Gng4nG9ngg,6n] 22 G2 2 (116)
and (vi)
[G3g Gl g 1 ]
4An ™~ 49n 196n
G3g4nG§19ngl96n
1
—28 |:Gng4nGé219ng%96n ]
G294nG49ng%96n
1
+56 Gn nG n n T :|—70
[ FanTraon G196 GrganGaongi9en
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— GigngilQGn G%ggn (1 1 7)

4 4 i 4 -
GrYin Gl9n9196n

The author has also established the explicit evaluations of g,, for
n= 2/9, 2/3, 2/5, 2/25, 2/7, 2/11.

Mahadeva Naika (Bangalore University) Modular equations in spirit of Ramanujan 100/ 126



In

e Jinhee Yi, Theta-function identities and the explicit formulas for
theta-function and their applications, J. Math. Anal. Appl.,
292(2004), 381-400.

the author introduced two parameterization &y, ,, and hy_, for
Ramanujan theta function ¢ as follows

O G ) B VA G i B PR
" g /A (e—mVik) ki Jel/4p(—e—mV/nk)

and established some properties and several explicit evaluations of
s, for different positive rational values of n and k. The author
evaluates ho 2, ha 4, hag, ho1/2, ho1/as hoj1ys-
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In

e J. Yi, Yang Lee and Dae Hyun Paek, The explicit formulas and
evaluations of Ramanujan’s theta-function v, J. Math. Anal. Appl.,
321(2006), 157-181.

and

e N. D. Baruah and Nipen Saikia, Two parameters for Ramanujan’s
theta—functions and their explicit values, Rocky Mountain J. Math.,
37 (6) (2007), 1747—-1790.

the authors have defined two parameters Iy, ,, and [ ,, as follows:

eVl

B ;o w(e—w n/k)
- k1/4q(k—1)/8¢(_6—7rx/%)

kn = Je1/4g(k=1) /84 (e=mv/nk) |

k,n and 1

They have established several properties as well as explicit evaluations
of Iy, and [}, for different positive rational values of n and k.
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Using the modular equations of degree 2, we established several
explicit evaluations of hg .

h274=1+\/§— 1—!—\/5,

1+vVVvV2-1

ha1/a = /2 )

ha 16 = 5+3\/§+(\/§+1)5/2—\/76 + 54v/2 + (488v/2 + 690) (V2 — 1)5/2,

hoa 16 = ({2@4@) <\/\/§+1+\/2< \/§+1—\f2>—1>,
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1/2

ho s = (\/5—1> <2+\/5> ;
maas=(va+1) (-24v5)",

(2+V5)'2(V2 4 1)? [ﬂ —1-v-3+ \/E}

ha,20 = (23 4 v/10) )
(=2 +V5)2(v2 — 1)>(=3 + V/10)
[\/i “1-v-3+ \@} ’

ho7r = 1\/P1 — V44,
hoa/7 =1/P1+ 4y

p1=—ﬂ(5+4\f— 65+46\/§>

ha 1720 =

where
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and

¢ = ((13 ~5V2) —4\/7 (-1 +8\/§)) (vVa+1).

hos = (V2 + 1)2\/\f —2\/2v2(vV2 - 1),
\/1 +2v2(v2-1)
hoi/s =

2 )
hao = (V3 +V2)(2 - V3),
hoqjg = (V3 -V2)(V3+2),
hoss = (V34 V(L + VD2 + V3 {2 V3-/5va—1l,

(VAR 1R VB
2,1/36 |:27\/>7\/5\/§777}
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hoe = \/8f—6\f3+4\/6‘— 10,

ho1/6 = 1+2;&+\/§,
h22/3:(\/1+2\/§+\f—\/—1+2\f—\/§)\@

’ V3+1 ’
h23/2:(\/1+2x/§+x/§+\/—1+2f—x/§)

; 22 )
pyy = V10H8V2—6VB+ 46— V10— V2 + 6V3 - 4v6

’ (V2-1)2(V3 - v2)? ’
V104826V 46+ V10 - TV2 1 6v3 - 4V
2,1/24 = /2 .
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We have established explicit evaluations of
Ramanujan—-Gélinitz—Gordon continued fraction H(q), where

1/2 2 4 6

Hig) =4 q q q -
I4¢+1+¢ +14+¢ +1+4¢" +

- lal<1, (119)

using the values of hs ,.
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We have established the following relation connecting A, , and
Ramanujan—Selberg continued fraction .

For any positive rational number n, we have

2h%  —1
Ve ™) = Vo, =1 247" : (120)
where
1/8 2 4 3 gt 4 g2
V(g) ¢’ q ¢+q ¢ g +q (121)

1+ 1+ 1+ 1+ 1+

(—¢:¢*)s0 ’
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We have established the following relation connecting hs,, and a
continued fraction of Eisenstein .

For any positive rational number n, we have

efiTay . V23,
E*(e7™V?) = h2—” (122)
2,n
where
(Qa q2)oo 1 2(] —q3_q q5_|_q3
E =TT oy T 7 o e .
B () 1+1—-q2+ 1+¢* +1—-¢6 + for [¢| <1
(123)
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Using the modular equations of degree 3, we established several explicit
evaluations of hs , and I3 ,.

Vi-V2+1
h3,9=T7
1+ 32
h3,1/9277
(V2+1)?
13,9277
g~ A1)
31/9 = ——F=",
’ V3

p2 2+ VIT — (142 + 34/17)13 + (2 + 2/17)1/3
3,17 — )

3
B2, = VIT — 2+ (142 = 34V1T)Y/3 + (=2 + 2/17)1/3
) 3 ’

l§,17 =4+ \/ﬁ + 2(29 + 7\/ﬁ)1/3 + 2(37 + 9@)1/3)
Bijr=—4+ VIT = 2(29 — TVIT)Y3 4 2(=37 + 9V1T)Y/3,
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h 19 = (26 — 15v/3)(2V19 + 5v/3),
h3110 = (26 +15V/3)(2V/19 — 5v/3),
I319 = (26 + 15V/3)(2V19 + 5V/3),
I51 10 = (26 — 15v/3)(2v/19 — 5V/3),
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Using the modular equations of degree 4, we established several explicit
evaluations of hy .

haga = (2— 2\/§> (V2+1),
(V2+2)

hypre = 9

hap = 1—&-\[— \/§—|—17

5 14+ VV2-1

4,1/2 7\5 R
hay = 5—3\/5—1—3\/5—2\/5—\/93—66\/§+54\/§—38\/5,
hanje = 5—3\/§+3¢§—2\/6’+\/93—66\/§+54\/§—38\/6,

hags (\/5—1) (\/?j\/—g1>7

(\/§+1) (%) :

hyy3
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hygs = (V2 —1)* (18 +8V2+3V5 — 2\/27\/5+ 1210 — 30v2 — 20) ,

hatjes = (V2 —1)* (18 +8v2+3V5+ 2\/27\/5+ 12v/10 — 30v2 — 20> :

has =

\/17+7\/54\/29+13\/S_\/15+7\/54 29 + 135
2 2 ’

L \/17+7¢5—4\/29+13\/5+\/15+7\/5—4 29 + 135
4,1/5 = s
2 2
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hag = V2(V2+1)3/72 \[24-\/\/5—4—1—\/44—— \/2—#1()\@]
(VE— 1)
hyys =

ﬁ{ﬁﬂ/ﬂﬂ 442 +10V2

h4,9:5—3\/§+3\/§—2f—\/93—66\/§+54\/§—38\/6,
haiso="5—3V2+3V3—2V6 + \/93—66\/§+54\/§—38\/6,

h \/1279 + 355v13 + 12, /a; n \/1281 + 355V 13 + 12, /a;
4,13 = — )
’ 2 2

b \/1279 + 355v/13 + 12,/a; n \/1281 + 355v13 + 12, /a3
4,1/13 = )
2 2
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where a; = 22733 + 6305+/13,

v—Vvi—4
haiir = — s
v+Vu2—4
haipne = B E—

where v =

(V2-1)* [11+\f—\/ﬁ(\/§—1)+2\/\/ﬁ(9—2\/§)—2(13\/5—6) .
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Using the modular equations of degree 9, we established several explicit
evaluations of hg ,,, hg ., lo, and l ,,.

hoo = (V3 +V2)(2 — V3),
ho1s2 = (V3 —v2)(V3+2),

h9,4=5—3\/§+3\/§—2\/6—\/93—66ﬁ+54\/§—38\@,
hoa/a="5—3V2+3V3-2V6+ \/93—66\/§+54\/§—38\/5,

Vi-¥2+1
h9,3:T7
1+ /2
hg /3 = Vel

hoo =2[1+ (2 = v/3)*/%] — (=5 + 3V3)(2 + v/3)*/® — V/3,
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(V5 - v3)(V3-1)

hg 5 = 5 ,

ho (VB VB(VB+T)

9,1/5 = 5 ,

b (T-3HEEVID) a
9,25 = 5 — 5
h9,1/25 = 7= 3\/5)2(4—1_ \/ﬁ) + %7

CV104+2v21 /24216
- - e

VI0+2v21  V2v21—6
1 + i

ho,7

ho1/7 =

h9,11=\/a+b—3—\/(a+b)2—6(a—|—b)—8,

hs9,1/11=\/a-l-b—?)—l—\/((JL—i-b)Q—G(a—&—b)—87
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where a = v/19+ 3v33 and b= v/19 — 3/33.
L \/77—21\/ﬁ+44¢§—12\/@ \/75—21\/ﬁ+
9,13 = -

44/3 — 124/39

2 2

L \/77—21\/134—44\/5— 124/39 . \/75—21\/13+44\/§— 124/39
9,1/13 = i
2 2

Mahadeva Naika (Bangalore University) Modular equations in spirit of Ramanujan 118/126



hyy=V3+1-1/3+2V3,
hyo = V3 -2,
h§,1/2 = (\F— \[2)(2 - \/5)7

2 25/3 21/3 _
. a2 4 25/3z + 21/3(5 3\/3)7 where 2 — 2 — 3,

9,3 — \/g
/ _ 21/3(1 B \/g)
9,1/3 — 7\/:,; )
. 15+10V3+7V5+4V15 @
h9,5 = - &
2 V2

where a = \/3(163 +94V/3 4+ 735 + 42V/15).
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, VB H1-V2V8

9,4 = 9 )
hy g = V3-1
9,8 — \/5 ’
W 2%/3(1 — V/3) — 2v/3 +24/3(1 + 2%/3)
9,12 — 2\/3 9
VB3V (VB 6 +3vE)
9,20 — 4 9 9

2T 4V -3 VT V(=34 VA5 + VI - 2V7 - 4V3)2
4 42 ’

/ —_
hg o5 =
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_ V341

19,2 \@a
lojs = Y31
9,1/2 = ﬁ’
3+\/§+\/§+\/2(3+\/3)(\/§+\/§)
lgs = NG ;
3+\/§+\/§—\/2(3+\/§)(\/§+\/§)
lo1/a = NG )
l _\/13+5x/6+7x/§+9x/§+\/15+6\/6+9ﬁ+12\/§
9,8 — \/i \/§ )
L VI345V64TV3H0V2 V15461693 +12v2
9,1/8 = NG - 2 ,
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(V2 +1)°

logs = A

o VBB
9,5 = 5 )
L A-VAWE-Y
9,1/5 = 5 )

lo7 = \/10 +2v21 + \/9 +2V/21,

log/7 = \/10 +2v21 - \/9 +2v/21,
log =z + 22 + (V3 —1)2*3, where z =2+ /3,
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(V34 1)(v/5+/3)

lys =

’ 2

9,1/5 — 2 )
s = TEIBAEVIE)

9,25 = 2,
l 7(7+3f)(4+f) a
9,1/25 = 9 Ty

where a = \/ 2910 + 752v/15 + 1302v/5 + 1680V/3.

p _ (V3+1)? (f+1)f+€/f

9,3 — 2\[

342VT7+4V3+ V21 + V9 +2v21(2 4 3V3 — V7)
4 b

19,7 =
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V3+14+V2V3

161 =
’ 2
;o VBH1-V2V8
R e N
l/972 - \/§+ \[27
po_ Y3+l
9,1/2 V2 )
1/1/9,1/2 = \/§_ \/i
1 \/g_l
1/9,2 — 7,
y <3+¢5><1+¢§>+\/<3¢§+6><¢5+1>
9,56 — 4 4 i

. B+VBI+VI) \/(3\/§+6)(\/5+1)
1/9,1/5 = 1 - 1 )
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. BVR(-1+VB) \/<—3¢§+6><\/5+1>
1/9,5 = 4 - 1 )

,_BEVE14VE) | \/<—3\/§+6><¢5+ 1
4

9,1/5 — 4 )

loa=14+V3+1/2V3+3,

loa=1+V3-1/2V3+3,
log = (2+V3)(V3+V2),
b2 = (24 V3)2+ V2(5+3V3) + [V2(V3 + 1)]%,

lyas = TVT+11V3 + 4V21 + 18 + (2 + VT7)(2 + V3)\/9 + 2v2L.

We established the explicit evaluation of Ramanujan’s cubic continued
fraction using the values of hg ,, and hgﬁn.
q1/3 q+q2 q2 + q4

=2 1 124
C(Q)1+1+1+’|Q\<7 (124)
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